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PREFACE

This material was originally prepared as Technical Memorandum
TC-83-72 under Project No. A75205, Subproject No. ZFXX212001,
"Statistical Commurication with Applications to Somnr Mgmal Proc-
essing," Principal nvwestigator, Dr. A. H. Nuttall, Code TC. The
sponsoring activity Is Chief of Naval Material, Program Managr,
Dr. j, H. Hut

In view of the many requests for this material and Its close rela-
tionship with TR4169, "-ectra1 Estimation by Means of Overlapped
Fast Fourier Transform Processing of Wndowed Data, "it is being
reissued at this time as a stvplement to TR4169.

The Technical Reviewer for this report is G. C. Carter, Code T F.
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REVIEWED AND APPROYED. I Ju;,, 1975

W. A. Von Winkle
Direcor, Science & Tedmology

The author of this report is located at the New Lonmo
La';.qtory, Naval Underwater Systems Center,
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TR 4169-S

than the narrowest detail in C,)(f), f), and 6 ,(f). (A case where D
is greater than the narrowest detail is discussed later.)

A measure of the stability of a IV is afforded by its equivalent
number of degrees of freedom (EDF); see Ref. 3, p. 22. For a complex RV 3,
we extend the definition to

EDF 2 1Ei1 NEllI- E1\
The denominator of (9) could be interpreted as the variance of complex IRV .
Interpreting 1 as 9,(f), and using (4B), (6), (7A), (8), and Parseval's
Theorem, there fcllows for the EDF at frequency f,

EDF 2l K, (10)
where

and
~21'

2? (12)

The quantity .N(f) is the complex coherence at frequency f of processes
x(t) and y(t). Equation (10) indicates that the EDF at frequency f of RV
4, (f) is given by the product of two factors, one frequency-dependent
solely on the processes? spectra (over which we have no control*), and the
other depending solely on the method of processing, but being frequency-
independent. Specifically, I depends on the number of pieces 1' in the
average (2), the shift 5 of each window in (1), and the autocorrelation

(t) of the window w(t). Furthermore, this factor K is precisely the
same quantity encountered in Ref. 1 as the EDF for auto-spectral estima-
tion. Therefore all the results of Ref. 1 on maximization of K by choice
of shift S are immediately brought to bear on the present problem of
cross-spectral estimation. Thus, the optimum choice of overlap for cross-
spectrai estimation is identical to that for auto-spectral estimation.**

*Linear filtering of x(t) and/or y(t), such as pre-whitening, would
not affect ( , and therefore not affect EDF. A related
observation on this aspect is made in Ref. 4, p. 379.

* More generally, since all the variances of the estimates in the following
sections depend inversely on K , maximization of K is appropriate,
regardless of the particular definition of stability.
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TR 4169-S

VARIANCES OF QUADRATURE COMPONENTS
OF CROSS-SPECTRUM ESTIMATE

The zero-mean complex 1v ' (f) in (6) is the random error in

estimation of the cross-spectrum. The diagram in Fig. 1 depicts the

Fig. 1. Complex Random Variables in
Cross-Spectrum Estimation

relationships between the various complex RVs. Here

is the true phase of the cross-spectrum.

It is convenient to represent complex RV 5(f) in terms of its
real and imaginary components,

= + A (14)

as shown in Fig. 2. Also depicted are the projections of (f) on a

Fig. 2. Projections of Random Error (f)

4



TR 4169-S

different rectangular coordinate system (b(f), (f)) aligned with the
direction of the true phase ?,(f) of the cross-spectrum. That is, we
also represent

e4-iVL) + (15)

where a(f) and b(f) are real. We note immediately that all the Vs in
(14) and (15) have zero mean; this follows from the definition (6).

In order to evaluate the covariances of these various quadrature
components, we first note from (7), (12), and the fact that .to) has
been assumed unity, that

0(16A)

E A I KT{ (16B)

Equation (16A) (or (7A)) affords the interesting interpretation that the
average squared-length of the random error '%(f) in the estimate of the
cross-spectrum is, in fact, independent of the true cross-spectrum, but
depends on the auto-spectra of the two processes involved. (See also
(A1 5) more generally.)

Substituting (14) in (16), there immediately follows

7 Re PG- 1 1 / K

: <,c+)~ if.:):r, + c} }:.(
CT P z I G) 2 (Tfl / , (17A)

2} 2 Re~T-, ~/

The quantities in (17) are the covariances of the real and imaginary parts
of the cross-spectrum estLmate; that is, using (6) and (14),

E

coy \I <,,eY,3)] ( )

5



TR 4169-S

Equations (17) and (18) are basically identical to Ref. 4, p. 378;
however, the scale factor H is different.

The projections A(f) and t(f) have simpler properties than)(f) and
'(f). From (15), (16), and (13), there follows

Thus the projections of the random error along and perpendicular to the
direction of the true phase of the cross-spectrum are uncorrelated.
Furthermore, the variance of the projection ^(f) along the direction of
the true phase is always greater than or equal to the variance of the
projection t(f) perpendicular to the true phase. In fact, if the magnitude-
squared coherence is unity at some frequency f,, then the variance of b(fl)
is zero; in this case all random fluctuations of 4(f,) lie along the
line with phase ?,,(fS in Fig. I.

On the other hand, if the magnitude-squared coherence is zero at some
frequency f2 , then the variances of A(f.) and b(f,) are equal; in this
case, the "scatter" of random perturbations g(f. ) in Fig. 1 is a circle
centered at the origin.

Generally, the scatter of random perturbations is like an ellipse,
as depicted in Fig. 3, where the major axis of the ellipse lies on the line

TVA

Fig. 3. Scatter of Cross-Spectral Estimates

with phase ?,(f). If TYs a(f) and t(f) are Gaussian, as they would be
(approximately) if K is large, then the elliptical diagram can be made
quantitative and interpreted as contours of iso-probability.

6
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VARIANCES OF AMPLITUDE AND PHASE ESTIMATES

Estimates of the amplitude and phase of the cross-spectrum are

available according to

=LAo e~p~if~)1(20)
In order to estimate the means and variances of A,,(f) and %(f), we

will assume that the scatter of points in Fig. 3 is small in comparison

with the distance out to the center of the ellipse. That is, using (9)

and (10), we will assume that

, K)l2 K . (21)

This requires that the product of obseivation time and desired frequency

resolution be much larger than unity (Ref. 1), but it also requires that

the magnitude-squared coherence not be too small at the 
frequency of

interest.

We first utilize (20), (6), and (15) to express

Then (f)+ &14-i b f)] P, (22)
Then

' 2(34A)

Equations (23A) and (2iA) are actually exact, whereas (3)and (2B)

follws imeditely(2B)

pX .=j + A (24A)

4- 4- 
(24B)

require the assumption of 1,21). Combining (23B), (24B), and (19), there
follows immediately

A~ +

(25C)

7
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Thus the amplitude and phase estimates are uncorrelated. The variance
of the phase estimate in (25B) is much smaller than unity, when we recall
that assumption (21) is necessary for (25) to be true; that is, the denom-
inator of (25B) must always be large. It should also be noticed that none
of the covariances in eqs. (19) or (25) depend on the actual phase of the
cross-spectrum, but only on its magnitude. Some additional relations on
the covariances of estimates of coherence are given in Ref. 4, pp. 378-9;
of course, the phase estimates of complex coherence and cross-spectrum areidentical.

EFFECT OF CLOSELY SPACED TONES

All the earlier results have presumed that the bandwidth 13 of the
spectral window t(f)J1 is narrower than the finest detail in the spectra
Q-x(f), 6S(f), and Gi(f). We now consider a case where this is not so,
and investigate the variance of the cross-spectrum estimate.

Suppose the spectra are apprcximately pure tones:

Se P

Then from (A27) in the appendix,

j AII T JW5_f i (P~ ir~ 2-_- V, Or % fl) 3) (27)

which can be interpreted as the variance of the complex RZV G('). Now
if 4-45< V, and if the fre4uency f of interest lies near or between f), and
fl, then the window functions in (27) are near their peak value W(o). Also,
if If,-fil < (2PSY' (2T)', then the bracketed term in (27) is near unity.
Then the variance in the cross-spectrum estimate is large; in fact, it has
the same value as for 1' 1 , no averaging. Yet the true cross-spectrum may
in fact be zero. Thus estimation of the cross-spectrum will e in error,
even for a large TB product, in a frequency range near f. and f.. It should
be noted that this noisy estimation case requires the frequency separation
of the tones to be less than (2T)1, not '2L)'; thus the tone separation must
be much closer than the fundamental resolution of' B= L'.

If the tone separation, on the other hand, satisfies If -I1> (PS)'
then the variance of estimation is greatly reduced, as inspection of the
bracketed term in (27) indicates. In fact, (27) becomes

which has the desirable T "2 dependence on the number of pieces in the
average (2). Of course, when Ify-f6>-, then the window functions in (27)
decay rapidly and indicate a greatly reduced variance, even if 13 is greater
than the finest detail in the spectra.

8
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APPENDIX A. DERIV.TION OF MOMFTS

From (2),

E J ~L E i,-Y: p (y4Al)
P

But from (3),

= ~ t 1 ~p-I f~,+l~)K~)w~ +y (A2)

where

(A3)

is the cross-correlation of x(t) and y(t). We are allowing all processes
and windows to be complex, for generality and have utilized joint-station-
arity in (A3). The cross-spectrum of x(t) and y(t) is

GM( = Ed 4i2rt ~r (A4)

Utilizing (A4) and (5) in (A2), there follows for (Al),

ve have also employed the fact that

'W )= ) ~[~ '(-2+ '5)] (AC-)
which follows from (1). Equation (A5) is the fundamental relation for
the mean of the cross-spectral estimate. However, when 'D is less than
the finest detail in

E~ (0 4-(~ = " C (AV)

upon setting Sdf"N'.l)without loss of generality.
A

To evaluate the variance of A (f), the following steps are required:
from (2),

But the statistical average in (A8) is, using (3),

+.;,., = SW d , +di ,,,p[-, 2,_4 2,_.+,_ .+ ,,,.,+ & ,, -

9
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Further, the statistical average in (A9) is given by

where we have assumed that x(t) and y(t) aa-e joint Gaussian, and have
defined

(The last function in (All) is generally different from (A3).) Denoting
the Fourier transforms of the three functions in (All) by 6,0(f), G.n(f),

(f) respectively, in a manner similar to (A4), (AIO) becomes

(L -Uwi %Q e~r i (FJY'I.A ~ (A12)

,C(f) and Q- Cl') must always be real.) Substituting (A12) in (A9), the re
follows

+ (Y1k) b T~ +,-+ I ' t

+ 01 (?WIC (f- * V (-Y) f- VW-~

10
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+ ~ (P)d W[rA ~~~1 v~j2(~n)pLj
+ '% >w - ,r)

Upon substitution of (A(3) in (AS), we obtain

where we have used (A). if the frequency f of interest is greater than the
bFndwidth B of the "indow I dfl, then W(f-r) and W(f+p) do not overap on

the j -scale. Then

+ J-L "57I%~~.

Ej A, IIIw -)',,-; " (14)

This is a general relation for qIuenc ; it will be noticeJ to be independent

of cross-spectru e -,(f), ad depend onl.- on at-spectra do(f) n oelp

11
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Also, there is no need to kmouz % (f).

If 5 is less than the narrowest detail in r,(f) ann ,f, near the

frequency f of interest, the integral on p in (A15) becomes approximately

and (A15) yields
A 7- G , 4P t,- C k , ' ( A 7 )

Since (f) is a coce17x RV, it is necessary also to evaluate the

quantity Ejr,; Al , in addition to (Ag), in order to complete the second-

order momen-ts. Due to the similarity tc the derivations above, the steps

will-be presented in a more cursory fashicn.

1(A18)

4 12 4 e~[~{,2~j~ G~&)~(A :0)

VVI

12
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zp, 't

L

44 ''.

+ 2 -(A21)

If f is greater than B,

pp

pr k) (AZ3)

This gen-.rai relation for Ef, depeds cry on the cross-spectrTl z ,(f),

and not on the auto-spectra "(f) and Al(. Also, there is no need to
1ano, 3, or

if B 4- less the narrowest detail in G(f) near the frequency f of

interest, the integral sA in (A23) becomes approximately

and (A23) yields

_ All -.) (A2r)

13
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For th.f -a-- wzlr-e x anA t cs ;tan ure tones (euq. (2-6) of main
text),tc ge!,,era. r'lat' n. fA2tcr Ehizw41 takes on the following form:
first the Onpra 1.' r arproximately

The,#-n (A15) ttar,

-j -P ~jf \ L5f L,\ - f~'(~:.A) (A27)
4 ,y:2i~~1~1 jP,! i(v-(;-{,)S)

u~L.~pe. 5, (A)sa L3;t~ ~~ t'orn is ust-d in (27).

14
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